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ABSTRACT
Domain constants are numbers attached to regions in the complex plane
C. For a region 2 in C, let d(£2) denote a generic domain constant. If there
is an absolute constant M such that M~ < d(Q)/d(A) < M whenever Q
and A are conformally equivalent, then the domain constant is called quasi-
invariant under conformal mappings. If M = 1, the domain constant is
conformally invariant. There are several standard problems to consider for
domain constants. One is to obtain relationships among different domain
constants. Another is to determine whether a given domain constant is
conformally invariant or quasi-invariant. In the latter case one would like
to determine the best bound for quasi-invariance. We also consider a third
type of result. For certain domain constants we show there is an absolute
constant N such that {d(22)~d(A)| < N whenever  and A are conformally
equivalent, sometimes determining the best possible constant N. This
distortion inequality is often stronger than quasi-invariance. We establish

results of this type for six domain constants.

1. Introduction

Before discussing the six domain constants that we treat, we briefly recall some
information about the hyperbolic and quasi-hyperbolic metrics. Notation for
various domain constants is not standard; generally we employ the notation of
[Ha] and [HM].

The hyperbolic metric on the unit disk D = {z: |z| < 1} is given by Ap(2)|dz| =
|dz|/(1 — |z|?). This metric is normalized to have Gaussian curvature —4. Let
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Q be a hyperbolic region in the complex plane C; that is, C~ Q contains at
least two points. The hyperbolic metric Aq(z)|dz| on Q is determined from
Aa(e(2))|¥'(z)] = Ap(z), where ¢ € Cov(D,Q), the class of holomorphic
universal covering projections of D onto 2. This definition is independent of
the choice of covering projection. Let dg(a,b) be the hyperbolic distance be-
tween a and b on Q, and Dgq(a, p) = {z € Q: da(a, z) < p} be the hyperbolic disk
with center a and hyperbolic radius p.

For a region Q # C, the quasi-hyperbolic metric on  is |dz|/éq(z), where
da(z) = dist(z, ) is the euclidean distance from z to Q. Schwarz’s Lemma
implies that Aq(2)éa(z) < 1 for every hyperbolic region Q2 [K, p. 45].

(i) The constant ¢(2). A hyperbolic region Q is called uniformly perfect
if the hyperbolic and quasi-hyperbolic metrics are comparable [Py]; that is, the
domain constant

() = inf{Aq(2)ba(2): z € O}

is positive. It is known that ¢(2) < 1/2 with equality if and only if  is convex
(see [Hi], [HM]). Also, 1/4 < ¢(£2) < 1/2 when Q is simply connected.

The quasi-invariance of ¢(2) was established by Osgood [O]. He showed that
there exists a positive constant B < 6 such that 1/B < ¢(A)/c(2) € B when
A and Q are conformally equivalent regions. Minda [M;] decreased this to
B < 4coth(n/2v/3) = 5.5583... . Harmelin and Minda [HM] improved this to
2 < B < (1 + coth®(r/4))1/2 = 2.824..., and conjectured that B = 2. We obtain
B < (1 + coth?(n/3))1/2 = 2.4335... . We also establish that

1 < c(A)
2(1 4 ¢(22) — c()?) ~ ()

<2(1+c(A) —c(A)?).

Note that as either ¢(£2) or ¢(A) tends to zero, then the preceding upper and
lower bounds both tend to 2, the conjectured constant. This shows that the
conjectured value B = 2 is asymptotically true.

(ii) The constant n(£2). For any hyperbolic region 2, the domain constant 7({2)
is defined by

n(Q) = %sup {2g' (w)|Vlog Aa(w)|: w € Q}

0
= sup {/\al(w) (-55 log AQ(’LU)} tweE Q} .
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We also know that

(s =sup { | - 1)

o {le®

-5 {‘W(O)

It is known that 7(€2) > 1 and equality holds if and only if 2 is convex ([P4], [Y1]).

(In [Y;] the notation w($?) is used in place of n(2).) Moreover, 1 < n(f2) < 2

when {2 is simply connected.

It was proved in [HM] that 1/2 < n(A)/n(f2) < 2 if A and Q are conformally

equivalent; the constants are best possible. This result implies that n(A) lies in

an interval of length 3n(Q)/2. As n(Q)) tends to oo, the length of this interval

also tends to co. We prove that for conformally equivalent regions A and 2,

In(A) — n()] < 1. This shows that (A) lies in a closed interval of length 1 and
yields the known result 1/2 < n(A)/n(Q2) < 2.
We set

¢"(2)
2¢'(2)

tp € Cov(]D),Q)} .

-z

1z € ]D} for some ¢ € Cov(D, 2)

() = sup{n(A): A is conformally equivalent to Q}.

Note that 7(2) < n(Q) +1 < 29(R) and () = 2 if Q is simply connected
because n(C ™ (—00,0]) = 2. :

(iii) The constant a(§2). Let S(€2) denote the family of functions holomorphic
and univalent in ©Q . Yamashita [Y;] called a hyperbolic region §? of finite type
if the domain constant

1| f(2)

o) = S“p{xn(z) )

is finite. Osgood [O] proved that 2/¢(22) < a(Q) < 4/¢(), so Q is of finite type
if and only if it is uniformly perfect. In particular, a(Q2) > 4; Osgood also showed
that a(Q) < 8 if Q is simply connected. In addition, Yamashita [Y;] proved
a(§2) < 6 for each convex region 2, and a(Q) < 8n(£2).

We show that a{2) < 27(Q) + 2r(Q) with equality if Q is simply connected.
This result contains those of Osgood and Yamashita mentioned above. We also
prove that a((2) is quasi-invariant under conformal mappings: 1/2 < a(A)/a(Q)
< 2if A and Q are conformally equivalent.

:zeﬂ,feS(Q)}

(iv) The constant B(2). If ¢ € Cov(D, ), then 3(f) is defined by

B() = 5 sup{(1 - |s2IS, ()] 2 € B),
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where

L@ 3 (L)Y
=53 -3(55)

is the Schwarzian derivative of ¢. If A and Q are conformally equivalent, then
1/3 < B(A)/B(2) < 3 provided B(£2), B(A) > 1 and the constants are best possi-
ble [HM]. We show that if A and Q are conformally equivalent, then

1B(A) - B(Q)] < 6.

(v) The constants R(§) and R.(?). For a holomorphic function ¢ in D, let
p(p) = sup{p: ¢ is injective in Dp(a,p) for every a € D}

and

pe(p) = sup{p: ¢ is injective on Dp(a, p) and ¢(Dp(a, p)) is convex in C
for every a € D}.

The quantity p(y) is called the hyperbolic radius of uniform local uni-
valence of ¢, while p.(¢) is called the hyperbolic radius of uniform local
euclidean convexity of . For ¢ € Cov(D,Q) we define R(Q2) = tanh(p(y))
and R.(Q) = tanh(p.(p)). These two quantities are independent of the choice
of the covering projection and so define domain constants; R(f2) is a conformal
invariant. R((2) is called the pseudo-hyperbolic radius of injectivity and
R.(9) is called the pseudo-hyperbolic radius of convexity. We know that
[MM;]
(8) = coth(2p.(e) = 3 (Rl + s )-

If A and Q are conformally equivalent, then 2 — /3 < R.(A)/R.(R) < 2+ 3
and the constants are best possible [HM]. We shall also prove that if A and Q
are conformally equivalent, then

|Re(A) — Re()| < v3—1 and |1/Rc(A) —1/R(Q)| < V3+1;

both inequalities are best possible.
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2. Additive change in 8(Q),7(Q2) and R.(€2) under a conformal mapping

Harmelin and Minda [HM] obtained the best possible bounds on the ratios
B(A)/B(2),n(A)/n(2) and R.(A)/R.(Q) for conformally equivalent A and €.
In this section, we give constant upper bounds on the differences

18(8) = BE)],  [n(A) = n(D)],  |R(A) = Re(R)| and

1
R(A) R.(Q)
except possibly for the first difference, the constant bound is best possible.
THEOREM 1: Let A and  be conformally equivalent. Then |3(A) — 3(R?)| < 6.

Proof: Since A and (2 are conformally equivalent, there exists f € S({2) such
that A = f(Q2). Let ¢ € Cov(D,2). Then g = fop € Cov(D, A) and Sy(z) =
Si{e(2))¢'(2)? + S,p(2). Note that Aa(p(2))|¢'(2)| = 1/(1 — |2|*). We have

BA) = 5 sup { (1 - [2)" 15,(2)]: = € D}
< 2 sup { (1= s)* [/ ()1 (o(2))): = € D

+ %sup {(1 - |z|2)2 |So(2)]: z € D}

- %sup (052 (w)|Ss(w)]: w € 0} + B(Q)
<6+ B(Q).

The last inequality follows from a result of Beardon and Gehring [BG]. Thus,
B(A) — B(Q) < 6. By symmetry, 8(Q2) — 8(A) < 6.

If A and Q are simply connected, then 0 < B(Q),3(A) < 3 and the upper
bound in Theorem 1 can be replaced by 3.

Yamashita [Y;] was the first to consider bounding the difference of n(A) and
n(§2) for conformally equivalent regions; he proved that |n(A) — ()] < a(2)/2.
The inequalities B(A) > n(A)2—1 [P1] and B(R2) < n(R2)2+ 1 [Ha] in conjunction
with Theorem 1 yield {7(A) —n(2)] < 8/(n(A}+7n(82)) for conformally equivalent
2 and A, which tells us that the quantity [n(A) — ()| tends to zero as either
n(A) or n(f2) tends to co. We now obtain the sharp constant upper bound on
this difference.

THEOREM 2: Suppose A and 2 are conformally equivalent. Then

In(A) —n(Q)] < 1.
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This bound is best possible.

Proof: We begin by demonstrating that the bound is best possible. The sharp-
ness is clear from (D) = 1 and n(C > (—o00,0]) = 2.

It is enough to show that n(A) — n(2) < 1 for conformally equivalent regions
Q and A. If Q and A are simply connected, then n(A), n(Q) € [1,2] and the
inequality is trivial in this case. Therefore, we may assume that £ and A are not
simply connected, so that #(€2) > 1 and 3(f2) > 1. We consider several cases.

First, assume n(Q2) > 3.5. Suppose it were true that n{(A) > 1 + n(f2). Now,
B(A) > n(A)2 -1 [P;] and B(2) < ()% +1 [Ha]. By using Theorem 1 we have

n*(A)—n*(Q) _BA)+1-B@)+1 _6+2

Ty ) B 7 ) R v

L

a contradiction. Therefore, (A) — n(2) < 1 when 7(Q2) > 3.5.
It remains to consider the case in which 1 < () < 3.5 and B(Q2) > 1. We
know that

7(A) < v/1+3/R*(A) [MMy] and R(Q) > tanh (2_/7(0_)—-1)

(see [BS], [My], [S] ), so

1) n(8)-n(Q) £ V1+3/R¥A) —n(Q) = V1+3/R*Q) - n(Q)

9 m

Suppose V1 + v2 < 7(Q) < 3.5. By using 3(Q) < 1(Q)? + 1 [Ha), we have

n(A) - n(Q) < \/ 1+ 3coth? (557;_0) — n(Q).

We prove that the right-hand side of the preceding inequality is at most 1. This

is equivalent to

242
Fn)=4/2 ; n—coth(%)zo, V1+v2<n<3s.

Note that

7+1 B T
3(n* +2n)  2n%sinh®(r/2n)

F'(n) =
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It is easy to see that both (n + 1)/1/3(n? + 21) and nsinh(7/2n) are decreasing
n (1,00), so F(n) is concave downward on (1,00). As F(1/1+v/2) > 0 and
F(3.5) = \/77/12—coth(n/7) > 0, we conclude that F(n) > 0 on [\/1 + v/2,3.5).
Finally, we consider the most delicate case: 1 < n(Q) < V1 + v/2. From (1),
it is enough to show that

\Jl +3C0th2 (Q—IB(ZT{H:) - U(Q) < 1,

which is equivalent to

T ~log 2 n)+2n(9 +f
VB(R) —-1 VN2 (R) + 2n(Q

For n(Q) € (1,v/1 + v/2] = I, Harmelin [Ha)] proved that

1 1/2 372\ /2
)€ e (15 21 o))"

where n = n(2). The result will follow if we can show that

7[.23/4\/,,—]
(V2 =182 — 1 + (n2 — 1)1/2(9n2 — 1)3/2 — 23/2p)1/2
\/ 2n
S+ +\/_20 fornel.
® ET o3

Let G(n) denote the left-hand side of the inequality. The minimum value of G
on I is 0.063357. .. and is attained uniquely at the point £ = 1.182290.... This
was verified using both Mathematica 2.0 and Maple V. This completes the proof.

Remark: Yamashita [Y;] observed that
N(Q) = {n{A): A is conformally equivalent to Q}

is the closed interval [1,2] when Q is simply connected. He raised the problem
of determining the set N(Q2) for uniformly perfect, but not simply connected,
2. He pointed out that the set is contained in the interval (1,00). Theorem 2
shows that N((2) is always contained in a closed interval of length 1; actually,
the length of the interval tends to zero as 7(£2) tends to co.
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THEOREM 3: Let A and Q1 be conformally equivalent. Then
[R(A) = Re(Q)] < V3 -1

and

1 1
Ru(d) ~ Rcm)I <V3+L

These upper bounds are best possible.

Proof: In order to establish the first inequality, we need only prove that
R.(A) — R(f) < V3 —1. Since R(A) < R(A) and R.(Q) > (2 — V3)R(R)
[HM], we obtain

R.(A) - R.() < R(A) - (2~ V3)R(Q) = (V3-1)R(Q) < V3 —1.

For A =D and & = C~(-00,0],R(A) =1 and R.(Q) = 2 - V3. Thus, the
estimate is sharp.

The second inequality is a consequence of the first and Theorem 2. Because

o) = 5 (R + 7y ).

we have
1 1
R(d) Rc(m'

The same A and Q as before show that this inequality is best possible.

< 2In(A) = n(Q)] + |Re(A) = R()| <24+ V3—-1=V3+1.

3. Quasi-invariance of ¢(2)

In order to obtain better upper and lower bounds on ¢(A)/c(R?) for conformally
equivalent A and €2, we improve the estimate n(f2) < 1/¢(2) of Osgood [O].
Recall that a subset E of a hyperbolic region €2 is hyperbolically convex in
Q if for every pair of points a and b in F each arc of any hyperbolic geodesic
in  connecting a and b lies in E (see [J] and [MM]). Osgood [O] showed that
[V log Aq(w)| < 2/6a(w) for any hyperbolic region; he raised the question of the
sharpness of the constant 2. For simply connected regions the sharp constant
is 4/3 [O], while it can be reduced to 1 for convex regions [Ms]. The following
result strengthens Osgood’s inequality and shows that the constant 2 can be
quantitatively improved for uniformly perfect regions. Our method of proof is

different from Osgood’s.
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THEOREM 4: For any hyperbolic region (,
2 2
1 — A3 (w)63 <

falw) '~ MR < 5
Proof: The second inequality is elementary. The first inequality is established
as follows. Fix a € Q. Let ¢ € Cov(D,Q),a = ¢(0) and § = 8a(a). Then
Aa(a)|¢’(0)] = Ap(0) = 1. Choose f(w) = ¢~ a + éw) with f(0) = 0; a
single-valued branch of p~! exists in the euclidean disk D(a,8) with center a

|Vlog Aa(w)| <

[1-c(9)].

and radius 4 since ¢ is a covering projection. We have ¢'(0)f'(0) = é and
¢ (0)f'(0)% + ¢'(0)f" (0) = 0. Because D(a, 6) is hyperbolically convex in € [J],
the function f is hyperbolically convex in D. Since f is hyperbolically convex in
D, 1f7(0)] < 2/£(0)(L — | f(0)1?) [MM,]. This yields

1"

[ViogAa(a)l _ ¢ (0)] _| £ (0) 1,
Do) |200)] " 270 | = TPy VO
_ |¢'(0)] 6 1
=TS 0 ra(@a@ ~ e@ale),
which is the desired result.
COROLLARY 1: For any hyperbolic region Q,n(Q) < ﬁ —c(Q).

Proof:  Since the function h(t) = t — 1/t is decreasing on (0,1) and ¢(Q) <
Aa{a)éq(a), the result follows from the inequality in the proof of Theorem 4.

COROLLARY 2: If A and Q are conformally equivalent hyperbolic regions, then

1 < e(A)

2(1 +¢() — e()?) ~ ()

Proof: 'We prove the upper bound; the lower bound then follows by symmetry.
By using Corollary 1 for A, Theorem 2 and 1/¢(Q) < 2n(2) [O], we see that

<2(1+c(A) —c(A)?).

1

iy <2 < 20(8) + 1) <2

C—(IX)——C(A)+1),

which is equivalent to

<2(1+¢(A) - c(A)?).

Remark: There is an interesting geometric interpretation for Theorem 4.
Jorgensen [J] proved that if v is a hyperbolic geodesic in € and C,, is the eu-
clidean circle of curvature at a point w € +, then Cy, N I # 0. Theorem 4
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strengthens this to show that the euclidean circle of curvature actually protrudes
beyond 9§ when 2 is uniformly perfect. The hyperbolic curvature ko (w, ) of a
path v: w = w(t) in £ is given by

ko(w, ) Aq(w) = k(w,7) + Im { 20log Ag(w) w'(t) } ’

ow  |w'(?)]

where k.(w, ) is the euclidean curvature. A hyperbolic geodesic has zero hyper-

bolic curvature, so the euclidean curvature satisfies

20 log Aq(w) w'(t) 2
el fim {20 S < -

If re(w,v) is the euclidean radius of curvature, the preceding inequality
yields re(w,v) > 6a(w)/2[1 - c*(Q)]. Thus, the diameter of C,, is at least
Sa(w)/[1 — 3(2)] > ba(w), so Cy, must contain boundary points in its interior.

Corollary 2 immediately yields ¢(A)/c(Q) < 2.5 for conformally equivalent
regions A and Q. We can do even better.

THEOREM 5: Suppose A and Q are conformally equivalent. Then

! < Z((g; < /1 + 3coth?(n/3) = 2.4335....

1+ 3coth?(7/3)

Proof: We only need to establish the lower bound because of symmetry. If Q
and A are simply connected, then the inequality is trivial since ¢(£2), ¢(A) €
[1/4, 1/2]. Therefore, we may assume {2 and A are not simply connected. From

n(A) < y/1+ 3/R%(A) [MM;] and ¢(A) > 1/2n(A) [O], we see that

NP I ()
T 243+ R¥A)  2/3+ R%(Q)
The inequality R(2) > tanh(7/2n(£2)) is valid if A(£2) > 1 [HM]; B(2) > 1 holds
because 2 is not simply connected [N]. Corollary 1 of Theorem 4 now gives

c(A) > 1

c(Q) '
2 mc(Q2)
2¢(0) \J 1+ 3coth (————2 - 20(0)2)
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We obtain the desired lower bound if we can prove for ¢(Q2) € [0,1/2) that

2c(Q)\1 1+ 3coth? (%) <4y/1+ 3 coth?(7/3);

the right-hand side of the inequality is the value of the left-hand side for ¢(Q) =
1/2. As c(2) tends to zero, it is easy to see that the left-hand side of the preceding

inequality tends to 4v/3/7, which is strictly less than 1/1 + 3 coth?(r/3). So we

only need to consider the case ¢(Q2) € (0,1/2). Direct computation shows that
the above inequality is the same as

T 2\/§x
tanh > )
2 — 222 va — 4x?

where z = ¢(2) and @ = 1 + 3coth?(x/3), or equivalently,

Ja — 412 ,
h(z) = T — log a4z +2\/§I>0.

1—z? Vva—4z2 — 2/3z

Now,
7(1 +2?%) _ 4v/3a
(1-22)2  a—4z%(a —1622)

If we can prove that h'(z) has only one zero z¢ in (0,1/2), then from

W(z) =

44/3 207 4v/3a
R0)=7—-——=>0 and AK(1/2)= " - ——— <0
©)=n-—72 e NN S (P
we know that h'(x) > 0 on [0, z¢) and h'(z) < 0 on (zg, 1/2]. Therefore, h(z) >
in (0,1/2) since h(0) = h(1/2) = 0. Set y = 422, then 0 < y < 1 and h'(z) =
is the same as

0
0

9(y) = 724 +y)*(a —4y)*(a ~—y) — 3a*(4 - y)* = 0.

As g(0) = 16a%(n%a — 48) > 0, g(1) = 257%(a — 4)%*(a — 1) — 243a2 < 0 and
g'(y) < 0 on (0,1), which can be checked by writing ¢'(y) as a polynomial, we
conclude that g(y) has only one zero on (0,1). Thus, h'(z) has only one zero on
(0,1/2). This completes the proof of Theorem 5.
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4. Quasi-invariance of a(2)

We investigate estimates of a(A)}/a(€) for conformally equivalent A and Q. First,
we establish the following upper bound on a(Q) in terms of 7(2) and 7(£2).

THEOREM 6: For a hyperbolic region Q, a(Q) < 27(2) + 2n(Q2) with equality if
Q is simply connected.

Proof: Note that n(€2), 7(€Q2) and a(f2) can be expressed, respectively, by

n(Q) = sup{ %‘ tp € Cov(D,Q)} ,
7(§2) = sup {.2(—{;—0‘%%—))‘ :p € Cov(D, Q) and f € S(Q)}
and
a(f) = sup ¢ Ag' (¢(2)) ‘;;:((f% :z€Dand f € S(Q)}

for some ¢ € Cov(D, )

1

(fou)'(2) ¢ (2)
(fop)(z) ¥(2)

:zE]DandfeS(Q)}

for some ¢ € Cov(D, 2)

" '
= sup {' ((J;Zi))'(((()))) - i'(((()))) ‘ :p € Cov(DD, Q) and f € S(Q)} .
It is clear that a(2) < 27(82) + 29(Q2).

Next we prove the opposite inequality for simply connected §2. For any fixed ¢ >
0, there exists ¢ € Cov(D, Q) such that ¢”(0)/¢'(0) < —2n(£2) + €. This is true
because for each € > 0 there is ¢ € Cov(D, 2) such that l" (0)/4'(0)] > 2n(2) —e,
and we may assume that ¢ (0)/¢'(0) < 0 since otherwise we can replace p(z)

by ¢(e*z) for some 6 € R, which also belongs to Cov(D,€). If Q is simply
connected, then ¢ is univalent. Set f = kop™! € $(Q), where k(z) = 2(1—2)~2
is the Koebe function. As (f o ) (0)/(f 0 ¢)'(0) = k"(0)/k'(0) = 4,a(R) >
4 + 2n(Q) — €. Since 7 = 2 for simply connected §2 and ¢ is arbitrary, we must
have a{2) > 273(2) + 2n(£2).

Notice that if Q is simply connected, then Theorem 6 gives a(2) = 4+ 27(Q2) €
[6,8]. This yields Osgood’s inequality a(f2) < 8 for {2 simply connected. For (2
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convex this gives a(2) = 6 after appealing to Yamashita’s result a(Q2) < 6 when
Q is convex [Y;]. Does the stronger result that a(Q2) > 6 for any hyperbolic
region with equality if and only if € is convex hold? We note that a(2) > 4 in
general. We know a(Q) > 2/¢(2) > 4. If a(Q) = 4, then ¢(R2) = 1/2, which
would imply that Q is convex ([Hi], [HM]). But for convex £, a(Q) = 6. This
is a contradiction, so a(f2) > 4. The next result implies that a(2) > 6 when
n(Q) > 3.

COROLLARY 1: For any hyperbolic region @, 2n(Q) < a(Q) < 49(Q2) + 2. The
upper bound is best possible.

Proof: The lower bound follows from a(2) > 2/¢(Q2) and 1/¢(R2) > n(Q) [O],
while Theorem 2 implies that 7(2) < n(Q2) + 1, which yields the upper bound
from Theorem 6. Equality holds in the upper bound for any convex region.

Yamashita [Y;, Prop. 3] showed that a(2) < 87(£2); Corollary 1 improves this.

COROLLARY 2: IfQ is a hyperbolic region, then a(2) < 4./1 + 3/ R%(Q). Equal-
ity holds for @ = C~(—00,0].

Proof: Since R(Q) is conformally invariant and n(Q2) < \/1+ 3/ R2(Q2) [MM,],
we have 77(Q) < /1 + 3/R2(Q). Theorem 6 then yxelds a() < 44/1 + 3/ R%(2)).

The weaker inequality a(Q) < 8/R(Q) follows from work of Yamashita [Y)
who established a stronger pointwise result.

THEOREM 7: Let A and Q be conformally equivalent. Then 1/2 < a(A)/a(Q)
<2.

Proof: 1t is enough to show that a(A) < 2a(2). Let g € S(2) be such that
A = g(2). Then F € S(A) if and only if f = F o g € S(2). Note that

F"(g(2)

) 4 f'(z)  ¢"(2)
(z) =
Fg(2)) !

iz ¢’
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We have
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(A) = sup { A5 (),
a(A) = sup ¢ Ay (w) Flw) :w € Aand F € S(A)

= sup {)\51(2) j}/((j)) - gg,((zz)) :z€Qand f € S’(Q)}

< sup { Agt(2) () tz€Qand f € S(Q)
()

+ sup {)\al(z) i,((j)) 1z € Q}
< 2a(9)

What are the best constants in Theorem 77 If Q and A are simply connected,
then a(f2), a(A) € [6, 8], so that 3/4 < a(A)/a(2) < 4/3. Are these the best
constants in general? Can one obtain a constant upper bound for |a(A) — a(Q)|?

[BG]

(BS]

[Ha)

(HM]

(Hi)

3

K]

[MM,]

[MMz]
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